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Abstract. We calculate the temperature dependent conductivity in the half-filled ionic Hubbard model with an on-site
Coulomb repulsion U and an ionic energy ∆ by mean of the coherent potential approximation. It is shown that for
intermediate and large ∆ the largest conductivity occurs near the special value U = 2∆ at all temperatures T , for a
fixed ∆ the region of finite conductivity [Uc1,Uc2] expands and its maximum decreases with increasing T . Our results
are in good agreement with those derived from the determinant quantum Monte Carlo simulation.

Keywords: static conductivity, ionic Hubbard model, coherent potential approximation.

I. INTRODUCTION

It is well established that an on-site Coulomb interaction between the valence electrons with
opposite spins can lead to their localization in the lattice sites and can drive a transition to a charge-
gapped Mott insulator (MI). On the other hand, the imposition of an external periodic potential
can drive a band insulator (BI) with one sub-band fully filled and the other one empty. The ionic
Hubbard model (IHM) includes an on-site Coulomb repulsion and a staggered potential and is
therefore well suited to study transitions between metallic and different insulating phases [1, 2].

Recently, the IHM in high dimensions has attracted much interest and it has been widely
studied by a variety of techniques including Hartree-Fock theory, slave boson approach, determi-
nant quantum Monte Carlo (DQMC) simulation, and dynamical mean field theory (DMFT) [3-9].
However, the precise conclusions about the phase diagram are still subject to some debate. In a
previous paper [10] we have applied the coherent potential approximation (CPA) to study elec-
tronic phase transitions in the half-filled IHM in dimensions D≥ 2 at zero temperature. We found
that MI and BI phases are sandwiched by a metallic one. In order to further analyze these phases,
in this paper we will calculate the dc conductivity at finite temperature and consider its behavior
in the model.
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II. MODEL AND FORMALISM

We consider the following Hamiltonian for the IHM on a bipartite lattice (sublattices A and
B)

H =−t ∑
<i j>σ

[c+iσ c jσ +H.c.]+U ∑
i

ni↑ni↓+ εA ∑
i∈A

ni + εB ∑
i∈B

ni−µ ∑
i

ni, (1)

where ciσ (c+iσ ) annihilates (creates) an electron with spin σ at site i, niσ = c+iσ ciσ and ni = ni↑+ni↓.
U is the on-site Coulomb repulsion, t is the nearest neighbor hopping parameter, εA = ∆ and
εB =−∆ are the ionic energies. The chemical potential is chosen so that the average occupancy is
1 (half-filling).

In order to investigate the Hamiltonian (1), we firstly consider an alloy problem which is
expressed by the following Hamiltonian:

H = ∑
i∈A,σ

EAσ niσ + ∑
i∈B,σ

EBσ niσ − t ∑
i∈A, j∈B,σ

[c+iσ c jσ +H.c.], (2)

where

Eα,σ =

{
εα −U/2 with probability1−nα,−σ ,
εα +U/2 with probabilitynα,−σ ,

(3)

here α = A, B and nα,σ is the average occupation with spin σ in the α−sublattice. As in [10] we
focus 1 on the paramagnetic case, for which: nα↑= nα↓= nα/2. The Green function corresponding
to the Hamiltonian (2) has to be averaged over all possible configuration of the random potential
which can be considered to be due to alloy constituents. The averaging cannot be performed
exactly. As a second approximation we apply the CPA to the alloy problem. The CPA demands
that the scattering matrix should vanish on average. This yields an expression for Σα(ω) of the
form

Σα = Ēα − (εα −U/2−Σα)Gα(ω)(εα +U/2−Σα), (4)

where Ēα = εα +U(nα − 1)/2. By using the semi-elliptic density of states (DOS) for non-
interacting electrons, ρ0 (ε) =

2
πW 2

√
W 2− ε2 ,where W is the half-width of the band to be set

as the energy unit, we obtain a pair of equations for GA(ω) and GB(ω):

1
16

G2
ᾱ(ω)Gα(ω)+

1
2
(εα −ω)Gᾱ(ω)Gα(ω)+ [(εα −ω)2−U2

4
]Gα(ω)

+
1
4

Gᾱ(ω)+ εα −ω−U
2
(nα −1) = 0, (5)

where the temperature-dependent occupation nα = −2/π

∞∫
−∞

1
e

ω
T +1

ℑGα(ω)dω (the chemical po-

tential equals U/2 due to the electron-hole symmetry in the half-filled system and we take this
value as the origin of energy), α = A(B) and ᾱ = B(A). The equations (5) must now be solved
with nA + nB = 2. From the self-consitent CPA solution of the IHM one can determine the local
one-particle DOS ρα(ω) =−ℑGα(ω)/π , the self-energy Σα(ω) and the charge gap as functions
of the model parameters U,∆ and temperature T .

1Delete “in this paper”
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The Kubo formula for the conductivity σ involves the two-particle current-current response
function. However in the local approximation of CPA or DMFT there is no vertex connection and
σ may be expressed in terms of the one-particle spectral function of the Green function

Aσ (ε,ω) =− 1
π

ℑ
1

ε−ω−Σσ (ε)
. (6)

To derive the conductivity of the half-filled IHM on a bipartite lattice, we follow the procedure
described in Refs. [11,12], which gives

σ = e2
∑
σ

∫
dερ0 (ε)

∫
dω

(
−d f (ω)

dω

)
AAσ (ε,ω)ABσ (ε,ω) , (7)

where f (ω) is the Fermi distribution function, Aα,σ (ε,ω) is the one-particle spectral function of
the Green function for the itinerant electron for α−sublattice. Through this work we take the
electron charge as the charge unit (e = 1).

III. RESULTS AND DISCUSSION

Before numerically solving equations (5) and calculating dc conductivity (7), let us consider
the atomic limit (t = 0). In this case, when U < 2∆ the sites with lower energy −∆ are doubly
occupied and those with higher energy +∆ are empty, therefore the IHM is a band insulator. In
contrast, when U > 2∆ both types of sites are singly occupied and the IHM is a MI. At the single
special value U = 2∆ the correlations close a charge gap and the system is in a metallic phase [5,8].
We turn now to present our numerical results for t 6= 0. Figure 1 shows the charge gap as a function
of U for three values of ∆ at zero temperature. For U <Uc1(∆) we find the system is a BI with a
gap of the order of (2∆−U). The gap is suppressed to zero at U =Uc1(∆) and remains zero within
the metallic phase when Uc1(∆)≤U ≤Uc2(∆). For U =Uc2(∆) there is a second transition from
the metal to a MI. That is when t is nonzero the single metallic point is expanded to a finite range
[Uc1,Uc2]. The corresponding conductivity between Uc1 and Uc2 for three values of ∆ is plotted in
Fig. 2. It is interesting to note that for intermediate and large ∆ the largest conductivity occurs
near the special value U = 2∆ as one might expect from the atomic limit case. Similar behavior
of the conductivity in the half-filled IHM was also found in the DQMC study [5]. In addition, the
largest conductivity σmax(∆) decreases with increasing ∆. In Fig. 3 we show the conductivity as a
function of U for ∆ = 0.75 and for different values of T . Due to the Fermi distribution function,
when T increases the region of finite conductivity extends and its maximum decreases. However,
the values of Um ≈ 2∆ corresponding to the maximal conductivity are almost unchanged.

In a previous paper [10] we have found, in agreement with DQMC [5,6] and single-site
DMFT [7-9], that MI and BI phases are sandwiched by a metallic one. This conclusion was ob-
tained by the calculation of the DOS at the Fermi level. When the DOS shows a gap at the position
of the Fermi level, the system is insulating. If the DOS is finite at the Fermi level the system is
metallic. Here we show that this result is consistent with the calculated conductivity. In Fig. 4 we
present the conductivity as a function of temperature T for ∆ = 0.75 and for different values of U .
It can be seen that for U = 1.59 the conductivity increases as T is lowered, which implies that the
system is metallic. In contrast, at U = 1.48 < Uc1 and U = 1.84 > Uc2 the conductivity goes to
zero as T is lowered, indicating insulating phases.
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Figure 1: Charge gap of IHM as a function of U for T = 0 and different values of ∆.
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Figure 2: Conductivity as a function of U for T = 0 and different values of ∆.
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Figure 3: Conductivity as a function of U for ∆ = 0.75 and different values of T .
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Fig. 1. Charge gap of IHM as a function of U for
T = 0 and different values of ∆.

Fig. 2. Conductivity as a function of U for T = 0
and different values of ∆.
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Figure 4: Conductivity as a function of T for ∆ = 0.75 and different values of U .

when U > 2∆ both types of sites are singly occupied and the IHM is a MI. At the single special
value U = 2∆ the correlations close a charge gap and the system is in a metallic phase [5,8]. We
turn now to present our numerical results for t ̸= 0. Figure 1 shows the charge gap as a function of
U for three values of ∆ at zero temperature. For U < Uc1(∆) we find the system is a BI with a gap
of the order of (2∆ − U). The gap is suppressed to zero at U = Uc1(∆) and remains zero within
the metallic phase when Uc1(∆) ≤ U ≤ Uc2(∆). For U = Uc2(∆) there is a second transition from
the metal to a MI. That is when t is nonzero the single metallic point is expanded to a finite range
[Uc1, Uc2]. The corresponding conductivity between Uc1 and Uc2 for three values of ∆ is plotted in
Fig. 2. It is interesting to note that for intermediate and large ∆ the largest conductivity occurs
near the special value U = 2∆ as one might expect from the atomic limit case. Similar behavior
of the conductivity in the half-filled IHM was also found in the DQMC study [5]. In addition, the
largest conductivity σmax(∆) decreases with increasing ∆. In Fig. 3 we show the conductivity as
a function of U for ∆ = 0.75 and for different values of T . Due to the Fermi distribution function,
when T increases the region of finite conductivity extends and its maximum decreases. However,
the values of Um ≈ 2∆ corresponding to the maximal conductivity are almost unchanged.
In a previous paper [10] we have found, in agreement with DQMC [5,6] and single-site DMFT [7-9],
that MI and BI phases are sandwiched by a metallic one. This conclusion was obtained by the
calculation of the DOS at the Fermi level. When the DOS shows a gap at the position of the Fermi
level, the system is insulating. If the DOS is finite at the Fermi level the system is metallic. Here
we show that this result is consistent with the calculated conductivity. In Fig. 4 we present the
conductivity as a function of temperature T for ∆ = 0.75 and for different values of U . It can be
seen that for U = 1.59 the conductivity increases as T is lowered, which implies that the system is
metallic. In contrast, at U = 1.48 < Uc1 and U = 1.84 > Uc2 the conductivity goes to zero as T is
lowered, indicating insulating phases.

IV. CONCLUSIONS

We have studied the metal-insulator transition in the half-filled ionic Hubbard model within
CPA. For a fixed and finite ∆ two transitions from BI via metal to MI are found. The calculation of
the temperature dependent conductivity demonstrated that for intermediate and large ∆ the largest
conductivity occurs near the special value U = 2∆ at all temperatures, for a fixed ∆ the region of
finite conductivity [Uc1, Uc2] expands and its maximum decreases with increasing T . Our results are
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Fig. 3. Conductivity as a function of U for ∆ =

0.75 and different values of T .
Fig. 4. Conductivity as a function of T for ∆ =

0.75 and different values of U .

IV. CONCLUSIONS

We have studied the metal-insulator transition in the half-filled ionic Hubbard model within
CPA. For a fixed and finite ∆ two transitions from BI via metal to MI are found. The calculation of
the temperature dependent conductivity demonstrated that for intermediate and large ∆ the largest
conductivity occurs near the special value U = 2∆ at all temperatures, for a fixed ∆ the region of
finite conductivity [Uc1,Uc2] expands and its maximum decreases with increasing T . Our results
are in good agreement with the ones obtained by the determinant quantum Monte Carlo simulation.
The calculations presented here can be extended to the optical conductivity. This is left to future
work.
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